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NA310NALAD~ORY COMMITTEEFORAERONAUTICS

TECHNICALNOTE2693

A TEIEORYANDMETHODFORAPPLYING~OMETRY TOTHEMEASURIX@NT

OFCERTAINTWO-DIMENSIONALGASEOUSIXENSl?l!YFIELDS

ByWaltonL.Howesmd DonaldR.Buchele

A theoryandmethodaredescribedfortheapplicationofinterfer-
ometrytothemeasurementofcertaintwo-&hnensionalgaseousdensity
fields.Thetheoryincludestheeffectsofopticalrefractionuponthe
observedinterferencepattern.Exactequationsdenotingtherelative
densitydifferencecorrespondingtoanobservedinterference-fringe
shWt andtheopticaldistortioncausedbyrefractionarederived.
Correspondingapprmlmationsintheformofpowerseriesexpansicmsme
developedh permitpracticalapplicationofthetheory.I?Xpressions
arederivedwhichpermitcalculationofthevaluesofthepowerseries
coefficientsfromexperimentaldata.

Theapproximationswereappliedtoavailableinterferencedatain:* ordertodeterminethedensitydistributionina boundarylayerformed
bysupersonicairflowalonga flatplate.Goodagreementwasobtained

d betweenthedensitydistributioncalculatedfromtheinterferencedata
andthatobtainedfrompressure-probemeasurements.

Vsriousmethodsforverifyingthetheoryareconsideredandaneval-
uationprocessisoutlined.

13Tl?RODUCTION

Ininvestigationsofhighsubsonicandsupersonicgasflow,where
compressibilityofthegssnecessitatesthetreatmentofdensityaaa
verlable,variousoptical~~~ (reference1)havebeenutilfied= a
meansofdensitymeasurement.Thisispossiblebecausedensityvariations
inopticalmediasuchasairactina measurablewayonlight.More-
over,opticalmtids ofinvestigationPossessthe~~antageofpewtti~
i.nstsntaneousrecordingoftheflowwithoutdisturbingtheflow.Ofthe
opticalmetihciis,cy.mntitativetivestigations3Ythe~~od Of~terfer-
ometryhaveprovedmostsuccessful.Interferometricinvestigationsof
fluwfieldshavebeenconductedprhmrilywithinterferometersofthe

4 Zehnder-Machtype.TheprinciplesofinterfercxnetryandtheZ@nder-Mach
.—

interferometerhavebeendescribedelsewhere(references2 and3).
8



2 NACATN2693

Theanalysishymeansofinterferometryofdensitydistributions
withinopticalmediaisbasedontheconceptof“opticalpathdiffere-
nces”ofinterferinglightwaves:theoptical-pathisdefinedasthe
integratedproductofthephysicalpathtraversedbya givenwavefront
andtherefractiveindexalongthatpath.Thw,forconvenience,optical
pathdifferenceswillbeexpressedintezmsofrefractiveindexrather
thandensity.ThetwoquantitiessrerelatedbytheLorentz-lkrenzlaw
(reference2). Also,forpurposesofcl=ification,themathematical
developmentisconductedonthebaaisoftlieraytheoryratherthanthe
wavetheoryoflightpropagation.~is i~possiblebecauselightrays
=e functionsofthelightwavesinthata rayindicatesthedirection
ofli@tpropagation,which,innonpolarizingmedia,isnozm.altoan
advancingwavefront.

Incasessuchasthatconsideredherein,wherethedensityvariesin
a directioninclinedtothedirectionofpropagationofthelight,the
mathematicalexpressionofopticalpathdifferencesiscomplicatedby
curvature,orrefraction,ofthelightrays.

Refractionoflightingasflowinve6>igationsbythemethcdofinter-
ferometryhasbeenconsidered%yWeyl(unpublished),Bershader(refer-
ence4),Wachtell(reference5),Blue(reference6),andothers.An
optimumwindtunnelspanformintiumopticalrefracticmerrorwaadeter-
minedbyF.J.Weylinanunpublishedenalysis.Thefirsttwoterms
(constsntgradientassumption)ofaMaclaurinseriesexpansionwereeffec-
tivelyutilizedforrefractiveindex.Opticalpathdifferencesintroduced
outsidetheflowfieldwereneglected.Thisderivationwasappliedin
reference4 toaninvestigationofsupersonicairflowina channel.More
recently,Weyl’sanalysiswasexp~dedbytieincl~ionof~itio~l
opticalpathdifferencesarisingoutsidetheflowfieldandbyemexpsn-
sionoftheMaclaurinseriesrepresentationofrefractiveindextoseveral
terms(seereference5). Anovelmetiodofanalysiswasusedinrefere-
nce 6 toinvestigateboundarylayersinsupersonicflow.

Thepresentanalysisattemptstoincluderefractioneffectsina
practicalmethodforevaluatingtwo-dimensionalgaseousdensityfields
inceseswherethegreatestspacechangeM densityexistsessentially
inonedirection.Theanalysiswascarriedout attheNACALewislabor-
atory,Onecoordinateaxisofa Cartesiancoordinatesystemisorient~
peralleltothedensitygradient.me unlmownrefractiveindex,or
density,distributioniSthenexPressed~ a Maclaurinserieswithrespect
tothatcoordinate.Thesucceedinganalysisisessentiallyenextension
andmodificationoftheenalysisofreference5. Onthebasisofthe
succeedinganalysis,a procedureforevaluatingthedataobtainedfr_om
interferogr-isdescribedemlappliedtodeterminethedensitydistri-
butionina boundaryleyerformedbysupersonicairflowalonga flat
plate.Variousmethodsarediscussedforverifyingtieanalysis.

.

u

,.
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4
A schematicdiagram

3

PRINCIEZIE3OFMETHOD

oftheZehnder-Machinterferometerapparatusas
usedintheinvestigationofflow-densityfieldsisshowninf~gure1.
Theexperimentalapgmratusconsistsofawindtunnelhavinga rectangular
crosssectionboundedontwosidesbyplane-parallelglasswindowsand
a Zehnder-Machinterfermneterpositionedwithrespecttothewindtunnel
sothatlight(froma monochromaticpointsource)comprisingoneofthe
dividedcollimatedlightlesmsisincidenttothewindtunnelina dtiec-
tionperpendiculartothewindows.Therecombinedlightbeamsarereceived
3Ya csmerawhichisfocussedtoimagesharplysomedesiredplane,for
example,plane~+ infigure1,withinthewindtunnelandparallel
tothewindows.Whenflowisinitiated,theresultingnonunifomndensity
fieldistwo-dhensionalwithalldensitypyxlientsessentiallyperpen-
diculartothedirectionoftheincidentlight.

Withtheinterferometerincorrectadjustmentanda conditionofno
flowexistinginthewindtunnel,eninterferencepatternconsistingof
eithera field.ofuniformbrightnessora seriesofalternatelrightand
darkbands,orfrtnges,maybeobservedatthehageplanecorresponding
totheplaneI-I offigure1. Thephaseofinterferenceproducedat
W Pointoftheimageplane1-1 by thesuperpositionofcoherentwaves

._.

-b isdetemninedbytheopticalpathdifferenceOPD ofthosepairsoflight
rayswhichoriginateatthesamepointofthelightsourceandintersect
atthesamepointintheimageplane.

d
Whenflowconditionsareestablishedinthewindtunnel,theinter-

fereticefringesobsenedattheimageplsmemaychangetheirpositionand
shape.Thefringeshiftateachpointoftheimageismeasuredwith
respecttosconereferencepatternjsuchEMthefri-ePatternobta~~ for
no-flowconditions,or thefringepatternrepresentingsomespecific
regionofthefluwfield,fore=Ple~ thefree-stre~re$fon}forwhich
thedensitycanbedetermined.A specificregionoftheflowfieldis
sdbptedastheframeofreferenceinthepresentreport.A detailed
diagramofthelightpathsisshowninfigure2. Becausetheobserved
fringeshtitsareattributabletotheestablishmentofflowconditions
inthewindtunnel,theli@tpathfromthesourcetotheinitialflow-
boundaryisthesameforbothno-flowandflowconditions.Therefore,
theobservedfringeshiftsmayberegardedasa functionofonlythat
portionofthelightpathwhichisboundedbytheinitialflowboundary,
B1-B1andtheimageplaneI-I.Thusfigure2 includesonlytheregion
ofinterestfromtheinitialflowbound- B1-B101’thewindtunnelto
theimageplaneI-I.Forconveniencea ray R2,whichcirc~ventsthe

.+ wi~ tunnel,isshuwnsuperimposeduponthewindtunnel.

.
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LightPathinFlowField v

Inorder to relatetheunknowndensityfieldtotheobservational
datasecuredbythemethodofinterferometry,themathematicalrelation
betweenthedensityfieldandtheobservedfringeshiftsmustbeestab-
lished.Thisrelationmaybeobtainedbytreatingtheevaluationofthe
two-dimensionalfieldasa probleminonedimensionwheneverthedensity ‘
gradientmaybetreatedasa funct-ionofonlyoneCartesIancoordinate.
ConsidertwoCartesiancoordinateaxes y and ~ bothparalleltothe
densitygradienttobeinvestigatedandlyingina planeperpendicularto z
thedirectionofthelightpathattheinitialflowboundaryB1-B1. :

(AllsymbolsaredefInedinappendixA.) Letthe y originbelocated
ata convenientpointalongthedensitygradientandattheinitial
boundaryBI-B1–infigures1 and2. Letthe q originbeintheplane
B~-B1andatthatvalueof y atwhichanydesignatedlightray
i = 0,1,2,. . . enters theflowfield.Let q increasepositivelyin
thedirectiono~increashgdensity.Lettheunitsof q and y be
identical.

whereyi
entersthe

Then q and y are related bythetransfo~ation

7 I=Y -Yf (1)

referstothey-ofiinatevalueatwhichthelightr~ i
flowfield,and

a

(2) k

They-ooordinatwservestolocateindividuallightrayswithrespect-to
theunknowndensityfieldwhereasuseofthe~-coordinatepermitsthe
mathematicalexpressionoftheraypathsin.thesimplest.form.

Inordertointerprettheunknowndensitydistributionintermsof
theobservedinterferencepattern,thepathsoflightrayscorresponding
tointerferinglightwavesmustbedetermined.ThelightpathIsgiven
byI?ermat’sprincipleaathatpathforwhichthettieoftransitbetween
twopointsinspaceattainsa stationmvalue,usuallya ~n~um. ~us

f]
dt= ‘$= stationaryyalue (3)

Bydefinitionthevelocityv oflight-propagationisrelatxiitothe
refractiveindex I-L oftiemedf~by

P’ c/v (4) &=

wherec isthevelocityoflightpropagationinvacuum, The d.~feren- .
tialda ofphysicalpathlengthisgivenby
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N

+TT2l+kl~

Thenequation(3)becomes

J%=$;~
2

1 + ‘~ dx= stationaryvalue

5

(5)

(6)

u
CN Letquantitiespossessingonlythesulscriptt,referringtoa given
m lightray,representvaluesofthequantitiesattheinitialboundary

B1-B1oftheunknowndensityfield.Letquantitieswhicharestarred,
orsubscriptedandstarred,refertovaluesofthequantitiesatthe
finalboundery~-~ oftheunknowndensityfield.Thenthesolution
ofthevariationproblem(equation(6)),asoltainedfromEuler’sequa-
tion(appendixB),is

2

0 ()

2
l+l!l=k

P
(7)

whichsatisfiestheboundaryconditions

andpossessesa realsolutiononlywhen p(~)2 pi,thatis,whenthe
refractiveindexisa monotonicincreasingfunctionof q inwhichcaae
thelightraycurves,orrefracts,intheXy-pbe towardtiedirection
ofincreasedrefractiveindex.

+’

u

Outsidetheunknowndensityfield,therefractiveindexisconstant
withineachmedium;hence,itfollmsfr~Fe~t’s Pr~ciPlefiatthe
lightpathssrestraightlines.Theexternalpathlengthscanbedeter-
minedfromthegeometricalconfigurationoftheexperimentalsetup.

Equation(7)mayberewrittenastheintegralequation

(8)

.-
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thesolutionofwhioh.dependsuponthefunotionp.
hasbeenobtained.fromequatl.on(7)bythefollcndng

NACATN2693
●

A seriessolution
method(referenoe5): G

essumethattherefractiveindexdistributionthroughoutthatregionof
thefhwfieldtraversedbyanygivenlightraymayberepresentedbythe
Maolaurinseries

m

w =
F

bv# (9)
v=

whiohconvergestothevaluep,wherep istherefractiveindexofthe
medium,q isthedisplacementofthelightrayinthewindtunnelwith
respeottothey-ordinatevalueatwhiohtherayentersthefindtunnel,
andbydefinition, ., I 1

Lettheraypath
Maclaurinseries

whichiS assumed

firstderivative

I ()1 d~bv=~
“ dyvY=Yi

Intheunknownde~ityfieldberepresented-bythe

(lo)

toconverge.Substitutionoftheseries
z

bv’qvandthe b
oftheseriesY .@x” inthedifferentialequation(7)

-

resultsInanexpressionintermsofpowersof x andcontainingcoef-
ficients13v ma co. Followinga suitableapproxtition,we re~-
tionsof-thecoefficientsbv and Oa oflikepowersof x are —

CO=C1=C3=C5=* ●.=C20-1=0

~bC2=21

06 J-”VI)2+180 1 2 & 312b3

. ●

● ✎

✎ ✎

(12)

●

.
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w

whereCO= O because~ = O at x = 00 ~US, the path ofa ~tven*
lightray i inthefieldp.isgiventoa closeapproximationby

N
CN
CD

(~131)3+~b%5040 1 2
)560 1 2b3+ &13b4 8x+..* (13)

ThelocationofthejightrayatthefinalboundaryBF-BFisfoundby
replacingq by qi = [Yi*-Yil@ X by X*. Detailsofthederi- .
vationofequation(13)aregiveninappendixB.

b ~ditiontotheraypath,theenglea,throughwhichthelight
rayisrefractedintheunknuwndensityfield,isalsoofinterest.By
meansofthesubstitution

(14)

inequation(7)theanglea maybeexpressedas
Pi

cosa=—
P

(15)

OpticalPathRelationofInterferingLightWaves

Theunknuwndensityfieldandtheobservedinterferencepatternare
relatedlytheopticalpathdifferenceofinterferinglightwaves.The
caseofa two-dhensionaldensityfieldcontainedinawindtunnelis
representedbyfigure2. Inthefigure,lineRl,whichintersectspoints
Al,A2,A3,A4,and P, representsthepathofanyarbitrarylightray
whichtraversestheunlmowndensityfield.Superimposedonthediagrm
forconvenience,thelineR2 (whichintersectspointsBl,B2,B3,B5,
B4,thefocalpoint1’onthelensL-L,and P),representsthepath
ofa lightraywhichcircumventsthe-own fieldandintersectsthe
lightray R1 atpointP intheselectedimageplaneI-I.Rays R1 .
and R2 areconstructedparalleltotheopticalaKisattheinitial
flowbound~yBI-B1andsxwassumedtooriginateatthesamepointof .
theinterferaneterlightsource.Accordingtothelattercondition,the

d lightwavesassociatedwiththeserayssrecoherentendthereforemay
interfere.

. Thepsrallelconstructionofli@traysR1 end R2 impliesthat
thepheseofinterferencebeconstantoverthehnageplaneI-I,thatis,

—
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thattheinterferometerby initiallyadjustedforottafningan“infinite”
interferencefringe.Huwever,itcanbeeasilyshownthatthesucceedlmg ●

analysisapplieswithoutmodificationforanyinitialfringeadjustment
andspacing.IfanimagescreenislocatedarbitrarilyatplaneI-I,
theninterferenceofthewavesassociatedwithraysR1 and R2 maybe
observedatpotntP. A similarsituationappliestoallotherraypairs
emittedfromthessmepointinthelightsourceandintersectingat- —

planeI-I.

Accordingtothegeanetricaltheoryofopticalimageformation, m
thereexistsa conjugateobjectpointassociatedwitheachimagepoint s~ .,suchas P. Inthepresentcaseitisassumedthattheopticallayout–
issuchthattheob~ectpointassociatedwith P islocatedinthe
vicinityoftheflowfield.Thusray R2 Intersects,oratleest

—

appeawtointersect,ray R1 somewhereinthevicinityoftheflow
field.

SupposethatthecameralenssystemL-L representsa perfect
opticalsysteminthesenseofGaussianoptics.Then,in”general,the
cameralenswillproducea perfectpointimageofa pointobjectwhen
theinterveningobjectandimagespacesarerepresentedbyatmosphere
understandardconditions;thatis,alllightrayswhichintersectthe
oljectpointandtraversethelenswillintersectatthesanepointin
thehnagespace.Ifthelenssystemisimperfector&a medium,such

*

asa glasswind-tunnelwindow,havinga refrtictiveindexwhichdiffers
fromthatofstandardatmosphereisinterposedbetweentheobjectand &
image,orifboth.conditionsarepresentthenanimperfectimageresults.
Theresultingimageimperfect-ionsarecalledgecmetriualaberrations.
Forthepresent,thelensL-L willberegardedasperfect. —

Ifthetind-tunnelwindowisneglectedsndtherefractiveindexGf
theobjectandimagespacesisconsideredtobethatofstsndsxdatmos-
phere,thereexistsa conjugateobjectpointwhichisintersectedby
everylightraywhichintersectsP. Thisobjectpointisindicatedby
theintersectionofthebackwardextensionofray RI fromPetitA3
wifhray R2. me intersectionisatpointPA lyinginplae OA-OA/
whichre~resentstheapparentGausEIismobjectplane.Shnilarly,all
otherrayswhichintersectattheimageplaneI-I alsoappeartointer-
sectatplaneOA-OA.

...

.-

Nowconsidertheinterpositionofawind-tunnelwindowbetween
planeOA-OAandthelensL-L.Assumingthattherefractiveindexof
thesurroundingmedtumremainsthatofstandardatisphere,thereexists
a realGaussianobjectplsme~~ displacedfrom OA-OAbya distance 8

x(t) independentofangleaa*. A realobjectlocatedIntheplane
~-~ will,inthesenseof@ussianoPtfcs,aPPe~to~e locatedat -
planeOA-OAwhentheobjectIsobservedthroughthewinduw.The
shiftx(t) isgivenby:
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d ()PaX(t)=tl .-v
w

INwuto

wherepa and ~ aretherefractiveindicesofatmosphereandthe
window,respectively.

9

(16)

Nextconsidera trainoflightwa~esgeneratedfrompointPA and
assumethattherefractiveindexthroughout the objectandWge spaces
isthatofatmosphere.Accordingtothetheoryofgeometricaloptics,
theopticalpathstraversedbyalllightwavesfroma givenobjectpoint
totheconjugateimagepointofa perfectopticalsystemareequal.Thus
theopticallengthsdefinedbypointsPA,A3,A4,P and pA>B2~B3}
B5>B4)F)P =e equal..Associatedwiththelightwavesarewavefronts;
awavefrontisdefinedasthelocusofpointshavinga constantoptical
dfst~cefrom pA. Sincetherefractiveindexisessumedtobeconstant
intheob~ectspace,tie~vefrontsaboutPA arespheres.Thiscdn-
ditionfollowsfromthedefinitionofopticalpathlength.Considerthe
~vefrontcenteredat PA andintersectingpetitA3. Itisapperent
that~a~= Pam. Sincetheopticalpathlen@hsfrom pA to P
viapointsA4 and 114arealsoequal,itfollowsthattheoptical

A pathlengthofray Rl from A3 to P equalstheopticalpathlength ““
ofray R2 fromB5 to P sothattheselatterlengthscan%e
neglectedbecausetheycontributezeroOPD.

—
ThustheentireOPD indi-~ catedbyanobservedfringeshut S atpointP isrepresent~@Y

theOFT)ofrays RI end ~ inthespaceboundedbytheinitialflow
bo~d~ B1-B1andthearc @5. me OPD ofrqs R~ ~ R2~~
indicatedbya fringeshtitSa atpointP,isthengivenby

J’sax= ~ds- pa~-tpw(A#3 -

%

whereSa,thefringeshiftinwavelengths1 of
withrespecttothefringelocatedat P when p
Byvirtueofequations(5)and(7),equation(17)

J

X*

‘aA=(Pf-Pa)x*+~ ‘2&- Wfx*+pw
a

t)-pa %B5 (17)

light, ismeasured
isreplacedbypa.
mayberewrittenas

(~-t)-va~

(18)

4
where,inedditiontothesubstitutionofequations(5)and(7),the
factorvfx*hasbeensubtrac%dfromthefirsttermofequation(17),
addedtothesecondterm,andthetermshavebeenrearranged.Conse-

. quently,thefirsttermofeq~tion(18)representstheOm duepure~
totherefractiveindexdifferenceobtaineiforanunretractedray



10 NACATN2693

whichintersectstheboundaryBIPB1at Al,thatis,attheordinate
valueVI=0, or Y= Y,. Thesecond@“thirdtermsofequatim(18)
represen~theadditional-OPD incurredbetweenthe
B1-B1and ~-BF asa resultofrefractionofray
andfifthtemnsindicatetheOX’Dintroducedbythe
andtheairspacebetweenthewindowandcemeralens
alsoastheresultofrefraction.

Therefractiveindicespa ofatmosphereand

tunnelboundari&
Rl) endthefourth
wind-tunnelwindow
L-L,respectively,

~ oftheflowrefer-
enceregion,withrespecttowhichthefringeshiftsaretobemeaaured,
areconstantsothata changeofrefractiveindexwithinthewindtunnel
fromthat.ofstanderdatmospheretothatoftheflowreferenceregion
yieldsa fringeshiftS~ givenby

(19)

whichcorrespondstoequation(18)withtheexceptionthattherefraction
termsarezero,SubtractionM equation(19)fromeqyation(18)gives

si~= (vi -!++*+*

whereEli= Sa -S~ end

Jx*
p dx - pfx*

o

s+ representsthe

‘i~(~ - ‘) - Pam
(20)

observedfringeshiftin
wavelengthscorrespondingt:a givenlightray i andmeasuredwith
respecttothefringepatternrepresentingtheflowreferenceregion,

Letthelocationo~therealobjectplane~-~ bedetermined
withrespecttotheinternalswface ~-BF oftiefinalwiti-el
windowby

X=KX* (21)

ThenitisshawninappendixC bytheapplicationofSnell’slawof
opticalrefractionandconsiderationofthegeometricalconfiguration
infigure2 that-thefringeshiftSi ineq~tion(20)isgi~~nby
theexactexpression

Sik

‘ M377 )J

-1-

(22)
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when the csmera lens system Isassumedtobeperfect.Forapplication
< topracticalproblems,equation(22)maybesimplifiedbymakingsuitable

approxtitlone,asshowninappendixC,withtheresult

Equation(23)isindependentofthe
upontheobservedfringeshiftS1

wind-tunnelwindows,theireffect
thusbeingnegligible.Assuming

thattheseriesexpmsionsinequations(9)and(11)areconvergentit
isalsoshowninappendixC thattheirsubstitutioninequation(23\
yields

m m 00 m

EE
~cm ~w + =Pi -P6=si +-2 Zq

*O
bvc&X

V=lu= 2,4,6... a+ 1 v=~0= ,4,6...

(24)

wherethecoefficientscm maybeexpressedintermsofthecoeffi-
cientsCa byequatingthecoefficientsoflikepowersof x @ the

- expression

.

00

E
u=2,4,6,...

%@=(~,4,6,coo %$

OpticalDistortion

(25)

Therefractiveindexdifferencepi-p~ givenbyequation(24)
isassociatedwitha givenlightray i whichenterstheflowfieldat
theordinatevalueyi. However,thefringeshiftSi correspondingto
theray i mayappeartoexistatsomeordinatevalueyi+ (Ay)i
otherthanyi;thatis,theremayexista formofopticaldistortion
causedbyrefractionofthelightraysintheflowfield.Forexample,
infigure2 thelightrays Rl and R2 appeartooriginateatthe
apparentobjectpoint2A,whereastherefractiveindexVi,indicated
bythefringeshift Si byvirtueofequation(24),existsatthe
y-ordinatevaluecontainingthepoimtAl atwhichray R1 entersthe

4
flowfield.Letthedifferencebetweenthey-ordinatevaluescontain-
in$potitsPA end Al betermedthe“opticaldistortionintheobject
space”,denotedby AY. ThenjwithrespecttoreysR1 and R2,the

. distortionmayberepresentedafterconsiderationoffigure2 by

—

.—.
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or

[ 1(Ay)i=Kk*-x(t)+t

(26) .

(27)

ByuseofSnell’slawandequations“(15)and(16)Itisdemonstratedtn
appendtiD thatequation(27)canbepresentedinanexactformanalogous
tothatofequation(22)as %

R

(28)
Whensuitabbapprcndmationsareapplied,equation(28)canberewritten
toa closeapproxhationas

I

whichlikeequation(23)isindependentofthe
virtueofthedifferentialequation(7)ofthe
roottermofequatton(29)maybereplaced.by

thusyielding

wind-tunnelwindows.
raypath,thesquexe-

()

&ii
ax ,wherep,ix

V=vi

tiveof
z

initsfinal

*

CCX~ (assumingconvergence);.eq~aiion

fOrm
00

(29)
●

By
k-

1,

(30)

(AY)i=E (Ku- 1)~x*”
~=2,4,6,...

bythefirstd.eriva-

(30)isnowexpresseil

(31)
—-

EvaluationEquations

Equations(24)and(31)relateobservableresponsesofindividual
.

lightrayatotherefractiveindexdistributionintheflowfield.

.
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. Equation(24)maybereadily
tivedensitychangeexisting

13

transformedintoanexpressionfortherela-
a+tievalueYi atwhicha givenlight

ray i enterstheflowfieldbyapplyingtheGladstone-Daleapproximation

.
p=l+kp (32)

oftheLorentz-Lorenzlaw,wherep isthegaadensitycorrespondingto
therefractiveind~xp,and k isa constant.Thus,by substitution
equation(24)becomes 3

(33)

whichmaybeevaluatedifthecoefficients~ aredetermined.

Becauseofrefractionofthelightraystraversingthefluwfield,
theobservedinterferencepatternis,ingeneral,a distortedrepresen-
tationofthedensitydistributionwithinthefield.;thedistortionof

A thefringepatterncorrespondingtoanygivenlightraybeinggivenby
equation(31).Ihordertodeterminethetruedensityfield,thedis-
tortioneffectmustbeelhninatedoratlesatminimizedinsomemanner.

.
Inorderto evaluateequations(33)and(31),thevaluesofthe

coefficientsbv,co,and cm mustbedeterminedforeachordinate
valueyi atwhichanygivenlightray i enterstheflowfield.
ActuaIly,ifthevaluesofthecoefficientsbv we determined,the
correspondingvaluesofthecoefficientsCO and cm aregiven
automaticallybecausethecoefficientsCa and cm arefunctionsof
bV accordingtoequations(12)and(25),respectively.Thecoeffi-
cientsbv maybeevaluatediftheyareexpressedaafunctionsofthe
derivativesoftheobservedinterference-fringeshiftswithrespectto
Y* Foranygivenlightr~ i,successivedifferentiationsofthe
essumedrefractive-index-distributionequation(9]yieldsequation(10), “–
wherederivativesofthecoefficientsbv arezerobecausethecoeffi-
cientsbv areconstantforanygivenlightray. Constderequation(24),
whichcharacterizesanygivenlightray i,wherevi and
fixedvalues.Withrespecttotheentiremanifoldofrays

-F lightbean,v and bv (henceco) exevariables.Thus
mayberewrittenwithoutsubscriptsi as

.

bv possess
comprisingthe
equation(24)
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Differentiationofequation(34)V timeswithrespectto y yields

(00 w
k dVS dv z

00 co
d~

Zz

~v%v =*0-==—— -—
Ez

)

~ cmx*a
dyV X*dyv dyv (7+-1

mV=l0=2,4,6>.● * v=1(J=2,4,6,... m
(35) ~

Subsequently,itfollowsfromeqyation(10)that,atanygivenordinate-
valueyf, I I f

h 1‘iri- (()-L dvS
T—x ‘Yvyeyi

mm \)(cl) co

Z2 n bvc~vXw - Km )!bv~x*o
dyv G+l

V=10=2)4,6,... u=10=2,4,6,...

Forshnplification,assumethatallte~ ontheright-handsideof
equation(36)aresmallccmparedwiththefirst
givenordinatevalueY=y.f I I

tem. Thenatany

+-*$($)y=,i
Incaseswheretheprecedingassumptionis

theneglectedtermscanbeaccountedforby_tie
ationprocess,wherethefirstapproximationof’
tion(37).

(36)

(37)

invalid,theeffectM
applicationofaniter-
~ isgivenbyequa-

It-isevidentthatthederivativesdvS- eredeterminablefromthe

observedinterferencepattern. ‘$’However,i 3s importanttonotethat

thetruevalueaof dvS— hencethedesiredvaluesof ~, areobtained
dyv‘

onlywhenthedistortionAy iseffectivelyzerothroughouttheregion
ofinterest.However,itfollowsfromconsiderationof’equation(31),
that,ingeneral,nosingleobjectplaneoffocusexistsforwhich

n
Ay= O foralllight-rays.IftheraypathseriesL

Caxo iscon-

vergent,thenthefirstnonzeroterm-forwhicha = 2 -maygenerally

.

L“

.
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be expectedtobetheterm. ofequation(31)thisterm

15

oflargestabsolutemagnitude.Inthe0ss0
maYbereducedtozerobyselectingK= 0.5,

that-is,byselectingtheobjectplaneoffocustobethemld~panpleme”
ofthewindtunnel.Thenequation(31)becomes

Nw
O’J
CD

co

(AY)i=x 0-2 *O
~ %x

cr=4,6,8,...

(38)

Assumingconvergence,themagnitudeofequation(38)wi~~usuallybe
mall enoughsothattheshapeofthecurveS(y)willnotbechanged

TWS thevaluesofthederi~ativesdvSappreciably. — usedtocompute
a~v

theval~esofthecoefficients%V willbeessentiallyunchangedby
theresidualdistortion.~ thecurveS(y)werechangedappreciably
hyconsiderationof’equation(38),thenaniterationprocessutilizing
e&ations(37),(36).-end(38)coh beperformeduntilthedesired
valuesof bv and
satisfiedequation

For K= 0.5,

tfiedesiredcurveS(Y)wereobtainedsuchtbt bv
(36)-d Ay~ O throughouttheinterval02y:y8.

expression(33)becomes

Pf-P~
P~

Equations(37),
cientforevaluating
restrictionsimposed

(39)

(12),(25),(39),(38),andpossib~(36)~e suffi-
anunknowngaseousdensityfieldsatisfyingthe
inthederivation.

ConvergenceConsiderations

Itisimpracticaltoinvestigateconvergenceoftheseriesexpan-
sionsanditerationprocessesanalyticallylecausetheexactanalytic

P-P~
expressionsfor Ay and ~ sreunknown.Thevalidityoftheanal-

ysiscanbeindicatedbycom~aringtheresultsobtainedbytheinterfer-
encemethodwiththeresultsobtainedfromothermethodsofanalysis.
Forexample,theresultantdistributionobtainedbytheinterference
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methodcanbe comparedwi,ththatgivenby
fieldorby someothervalidexperimental
seriessolutionwiththeothermethodsof

NACATN2693

thetheoryforthedensity
method.Agreementofthe
solutionwouldindicatethat

.

theseriesareeitheruniformlyconvergentorasymptoticrepresentations
oftheunknownqmtities. Itispossiblethat-theseriesmightbe
asymptotic,slthoughdivergent,becausethehclaurinseriespossesses N
theformofanasymptoticseries(reference7). m

%
IYtheseries(equations(38)and(39))areconvergentorasymptotic, .—

thenincomputationsutilizingtheseseriestheremainderIneachcase
h lessinabsolutevaluethenthefirstseriestemnwhichisneglected.
Thusthemmiberofapplicabletezmsofeitherserieswillincludeall
successivetermsforwhichthecoefficientscanbecalculatedwitha
reesmalledegreeofaccuracyupto,butnotincluding,thetermoftii-
mmnabsolutemagnitude. —

EVAIUATIONPROCEDUE3

Assumethattheinterferometerendwindtunnelareinoperational
adjustmentandthattheinterferencefringessreobtainableforany
desiredobjectplsmeforwhichtheInterferometercameramaybefocused
(beforeflowisinitiatedinthewindtunnel)byobservingatplane1-1
(infig.2)theImageformedbylightreflectedfrw anobjectInserted
intothefieldofviewatthedesiredobjectplaneoffocus,usuallythe
midspanplaneofthewindtunnel,forwhichK = 0.5.Afterthecsmera
isfocussed,theobjectisremoved,flowisinitiated,andtheinterfero-
gremsareobtainedby?neensofphotographicprocesses.

Aninterferogrammaybeevaluatedaccordingtosnyoneofseveral
schemesdependingupontheinitialchoiceoffringeorientationand
spacing.Theresultoftheinterferogremevaluationprocessisan
expressionforthefringeshiftS esa functionof y forthepartic-
ularexperimentalconditions.Thesevaluesof S(y) canbeusedin
thefollowingmannertodeterminethedensityfield:

1. Fromtheexperimentallydetemninedvaluesof S(y),obtained
ds

when K = 0.5,deteminethevaluesofsuccessived@rivatfv@s@
d2S dvS—moo— throughouttheintervalosysy8. Thesevaluesmaybe
dy2‘ ‘dyv
detezznined%yanyoneofseveralmetiods;

()

forexemple,S y) maybe
ds

plottedgraphically.Thenatanyordinatevaluey=yi,~ repre-

()
ds Y*Y~

sentstheslopeofthecurves(y). ‘e ‘erimtives~ canbe

ds(y)
()

d2s Y=Y~
plotted.Eromthecurve dy}valuesof 7 forveriousvalues

‘y Y=Yf

@-

.



4R NACATN2693
●

Y=Yf canbedetemninedasbefore.Theprocess—

minesuccessivederivativesd%(y).
dyv

Alternatively,S(y)mayberepresentedby

()dvSThevaluesofsuccessivederivatives—

valuesPYi maythenbe
pV(y)witirespectto y

2. Calculatevalues

Wvy=y,

17

mayherepeatedtodeter-

a po~c)mhl ~ = p“(y).

atveriousordinate

calculatedhytaking-successivederivativesof
andtheninsertingthevaluesY=YI●

ofthecoefficients%V foreachlightray

()dvSfromthevaluesof — andequation(37).
dyvFyi

3. Determinefromtheprecedingresultsby(y)tie~gnitudeof
theexpressionwhichiscontainedinequation(36)butwhichisneglected
inequation(37).(Thecoefficientscm me givenbyequation(25)).
Calculatetheresidualdistortiongivenbyequation(38),wherethecoef-
ficientsca arefunctionsofthecoefficientsbv byvirtueofequa-
tions(12).~ themagnitudeoftheexpressionneglectedinequation(37)* isoftheo~erofmagnitudeoftheright-handsideofequation(37),or
ifcorrectionoftheresidualdistortionofthecurveS(y) resultsin

d .

()d*s
anappreciablemodtiicationofthevalues ofthequantities—

dyvy=y,
orIfbothtieseconditionsaretrue,thentheiterationprocessesme~-
tionedinthesectionEvaluationEquationsmaypossiblybeappliedto
detetinemoreaccuratevalues

4.Calculatetherelative

tion(39)forvaiousordinate
o-cl=

of (Ay)iand bv.
Pi-P~

densitydifference—
Pa

givenbyequa-

valuesY=Y~●

5.Plot=P~
againsty,wheretheobsenedvaluesyi are

replacedbythedistortion-correctedvaluesYi+ (AY)iSTheresultlng

curverepresentsthedesireddensityprofile.

NUMERICALEXAMPLE
d

h ordertoillustratetheapplicationoftheequationsandproce-
dureandtoinvestigateattendantcofiitions,considertheevaluation
ofthedensitydistributionalong thedensitygreiiientwithina boundary
layerduetosupersonicairflowalonga flatplate.

—
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Theparticularsetupinvestigated
plateof3.6-inchwidthcontainedina

NACATN2693

(ref’erenoe6)consistedofa flat
windtunnelof3.6-inchspan

boundedby0.5-inch-thickglasswindowshavinga refractiveindexof
1.52.Theinterferometerlightsourceconsistedofa high-pressure
mercuryarcinconjunctionwithaninterference-typefilterwhichtrans-
mittedthegreenspectrallineofwavelength5461Angstroms(2.15x10-5in.).
Theinterferometercsmerawasfocussedtoimagethemidspanplaneofthe
windtunnel.

Supersonicairfluwhavinga free-streemMachnumbero&f2.Oata
densityof6.77x10-4slugspercubicfootwasestablished.Thefollowi-
ng datawereobtainedfroman interferogrsmoftheboundarylayer
2.5inchesdownstreamoftheleadingedgeoftheflatplate:

FringeShift,S o -.50-1.00 -3..50-2,00
Distancefromplate,y,inches0.04290.01980.01650.01420.0120.-—
s -2.50-3.00-3.50-4.00-4●50
y,inches 0.01000.00830.00660.00460.0028

Thesedataarepresentedgraphicallyinfigure3. Thefirsttwoderi-
Q ~d da

‘ativeady weredeterminedwitha tangentiometer.The

resultingcurvesQ2~ ~d d%(y)
dy axeplottedinfigures4 and5,

dyz
respectively.Thequantitativedeterminationofsucceedingderivatives
wasofiquestionablevalue. The residualdistortion(indicatedbyequa-
tion(38)),theinherenterroroftheoriginaldatacurve,ti theerror
introducedbythemeasuringinstrumentwouldgenerally-tendtointroduce
largerelativeerrorsinthemeasur~valu6~of~ucceedingderivatives,

dS ad d2S
‘e ‘emWed ‘al-ues‘f ~ — andexpression(37)were

dy2
utilizedtocalculat-thecoeff-icien=bl ~d b2 forV~iOUSvalues
of y toobtainthecurvesb~(Y)~ b2(y),whichsrealsoplotted
infigures4 and5,respectively.

Withrespecttotheevaluationequations,ifrefractionofthe
lightraysintheflowfieldisneglected,thenseries(9)and(11)
reduceto p = b. and v = O,respectively)andtheevaluationequa-
ti0n8(38)a@ (39)become,respective}

(Ay)i= O (42)

.

.

—.

$

.-

—

u

“

—

w

and
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. (43)

whichrepresentfirstapproximationsoftheresidualdistortionand
relativedensitydifference.Theseequationshavebeenutilizedby
severalinvestigatorswithconsiderablesucoess,especiallywhenthe
opticalrefractionwassmall.Equations(42)and(43)wereusedto
determinea firstapprcmimati.on’ofthedensitydistrilnztionindicated
bythedataofthepresentexample.Theresultantdistributionis
showninfigure6. Then,bymeansofequations(37),(12),(25),(38),

ds
‘2:,thedensitydistributionand(39)@ thederivatives~ snd —
d.v

wascalculatedtoa thirdapproxhnation.”Theappropriateapproxhations
weredeteminedasfollows:

Frcmequation(37)itfollowsthat

Byvirtueofequation(12),equation(38)becomm

(Ay)i = & b112x*4

(44a)

(44b)

(45)

whereonlytermspossessingcoefficientsbv,v< 2,”henceCO,O= 4,
dvSaxeincludedbecauseonlythevaluesofderivatives~, VS 2,were

determined.Onthisbssis,theexpansionofequationd~39)is

Pf-P~ 1
—---=%

[ 1
Si + - &21 +b2c22)x*2++ (b1c41+ b2c42)x*4P~ x

However,byvirtueofequation(25)

X5+2+ C41X+4C21
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CXQ+C X*4=22 42
sothat

021= C2 C41= C4

Therefore,consideringequation(12),
isgivenby

(c2x@-I-...)2

C22= o 2C42 E C2

the relative densitydifference

inthepresentinstance.‘

Theresultantdensitwdistribution(third

&b~b2x*4
)

(46)

ammoximationlindicated

.

mm
P-)
ml

byequations(44a),(44%);(45),and(46)is ~h~ infigure’6forccun-
parisonwiththefirstapproxhation.Thesecondapproximationisnot
showninfigure6 becausetheresultingcurveIsnearlyidenticalto
thatgivenbythethirdapproximation.Inaddition,thethirdapproxi-
mationofthedensityprofileisdepictedinfigure7forcomparison
withthetheoreticalprofileshowninreference6 andtheexperhental
profilecalculatedinreference6 fromtotalpressuremeasurements. &

Theremaindersofequations(45)and(46)wereobtainedbyexpand-
ingeq~tions(38)and(39),respectively,toincludetermscontaining .
X*6,withtheresult

and

(47)

(48)

Consideringfigure5,theMtium absolutevalueof b3 wasfeud.to
about-5inches-3.Thusthemaxtmumabsolutevaluesoftheremainders

II R P-P~
werefound+33be ‘AY II<0.0001inchand —

P~ < 0.01.

be

Intheprecedingexample,tieappropriateevaluationequatio~were
developedforthecasewherederivativesof S oforderhigherthanthe
secondareneglected.Asnotedpreviously,thecalculationof’values of
succeedingderivativeswouldhe~Practicalinmostc~es. Thusthe
applicableformulaecorrespondtopolymmialspossessingcoefficients
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definedattheinitialbound=yvalueX=o, y=yi. Theevaluation
. procedurecorrespondstothatwhichwaapreviousI.ydescribdwiththe-

exceptionthattheformerequationsarereplacedbytheexpressions
developedinth~precedingseoticm;thatis,thecoefficientslV are
givenhyequations(44a)and(44b),theresidualdistortionisgivenby
equation(45),andthedensitydifferenceateachordinatevalueyi is
calculatedfromequation(46).
.

N Intheprecedingexample,theprincfyalbasisforverificationof
mm thevalidityofthepresentanalysisweseffordedbycomparisonofthe
a densityfieldindicatedbytheinterferogramwiththatindicatedby

theoryandbytotalpressuremeasurements.Thegenerallygoodagreement
ofthetheoreticalandproberesultswiththeinterfemxneterresult
wouldtendtoindicatethattheinterferogramanalysisisvalidandprob-
ablyindicatestoa gocdapproximationthetruedensitydistributionin
thepresentinstance.

Themaximumindioateddensitycorrectionduetolightrefraction
wnountedtoa 4-percentincreaseinthedensitydifferencewithrespect
tofreestresm,orabut 9 percentofthetotaldensitydifference
acrosstheboundsrylayer,asdepictedinfigure6. Themaximumcorrec-
tionoccurrednearesttheBurfaceoftheflatplate.Thiscorrection
resultedinconsiderablybetterover-allagreementbetweenthedensity* fieldindicatedbytheinterferogmm
bypressuremeasurements.

.
Themaximumresidualdistortion

0.0015inchata distancey = 0.015
plate.The’maximumabsoluteremaindersduetoterminationoftheseries
werelessthen0.0001inchdistortionandl-percentdensitychange.

andMat indicatedbytheoryand

wasfoundfromequation(45)tobe
inchfromthesurfaceoftheflat

Inthepresentexample,thepreviouslymentionsiterationProcesses
wereneglectedinthedeterminationofthecoefficientsbv andthedis-
tortion@y. -Themaximumrelativeerrorofthecoefficientshv
resultingfromneglectoftheseprocesseswasestimatedbymeansofa
roughcalculationto%eabout10or20percent.

Thepresentanalysisassumesthattheflowfieldisperfectlytwo
dimensionalwiththedensitygradientinclinedessentiallyinonedirec-
tion.This conditionis,howver,onlYaPProx~t~ inPr~ticebeca~e~
forexemple,intheiuustrati~eex~pleco~ider~herein)“end”effects
(reference4)servetoviolatetheassumedflowconditions.Boundary
layersareformedalongthesurfacesofthewind-tunnelwindowsand
adjacenttothewindoiisandtheflatplate.Intheexmple,theeffects
ofthesedeviationsfromtheassumedconditionswereassumedtohesmall.
However,preliminaryconsiderationsindicatethat“end”effectcorrec-
tionswouldresultinbetteragreementoftheprofileindicatedbyinter-
ferencemeasurementswiththatindicatdbytheoryandby totalpressure
measurements,especiallyintheregionadjacenttothefreestremm
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Becausenolenssystemisabsolutelyperfect-itistobe expected
aberrationsofthecameralenswillintroduceadditionaloptical
differencesanddistortion(reference8)especiallywhenthemagni-
oftheopticalrefractionintheflowfieldislmv% endthewind

tunnel-to-cam&alensdistanceisalsogreat.Thiseff&tisminimized
bytheuseofa cameralenswhichintraiucestheminimumpossible
geometricalaberration.Intheanalysisandintheexemple,theoptical
pathanddistortioneffectsintrcxluceibythecameralenswereregerded
asnegligible.

SHIFTOF0BJ3WTELANE

Additionale~id.enceofthevalidityofthepresentanalysisb any”
givensituationmaybeobtainedbycomparingtheinterferencepattern
observedatm ob~ectplaneotherthanthatdenotedby K I=0.5 with
thatpredictedbytheory.Theshiftofob~ectylaneintroducesa double
effectupontheobservedinterferencepattern:thepha8eofinte@erence
andtheobservedpositionoftheinterferenceattributedtoa given
lightrayareshiftedbecausebotharefunctionsof K byvirtueof
equations(24)ad (31),respectively.Thefringeshiftincurredin
trmslatingtheobjectplanefrm themidspsnplane,correspondingto
K= 0.5,tosnotherplsnecorrespondingto K=K1 maybeobtainedfram
thedifferentialofequation(24)Jthatis,

Slmilarl.y,the
equation(31);

m a

~i = -*””m CHl~~ Cmx+f (49)
V=1U=2,4,6)...

changeofdistortionisobtainedfrcmthedifferentialof
thatis,

—
*-

“

90

d(Ay)i=
E

UC* dK (50)

u=2,4,6,...

Thesh3ftsASi and A(Ay)iduetoa shift-AK ‘oftheobjectplane
ae determinedbyintegratingequations(49)and(50)betweentheapprop-
riatelhnits.Thus,fora shiftofobjectphe fromK = 0.5 to
K= Kl,ASf and A(Ay)i,eregiven,respectively,by

ma

ASi=-~(Kl -~)Zz
~ca@*~+l (

v=10=2,4,6,...
.
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and
.

dAY)i= (Kl -

Agreementofthepredictedcurve
equations(51)end(52)withthe

(52)

S(y) at K= K1 “obtainedbymeansof
experhentalresultS(y)wOtiabe

f&therju&&icationofthesnal.ysisbymeansofseriee.Itistohe
N notedthatintheuasewhererefractionofthelightraysintheflowUW fieldisneglected,nochangeintheinterferencepatternispredicteda whentheobjectTle.neisshifted.Thisconditionisapparentfrom

equations(42)and(43).Also,itistobenotedthattheprediction
processisnotreversible;thatis,theinterferencepatterncorres-
pondingtotheobjectplsmeforwhichK = 0.5 cannotbereadilydeter-
minedfromtheinterference”patterncorrespondingtotheobjectplane
forwhichK= K1. ThissituationoccursbecausetruevaluesM bv
and c. canbedeteminedtoa closeap??roxhnatkmonlywhen Ay= O,
inwhi~hcasethe
opthmunchoiceof

A second,set
correspondingto

. theIi@tsomce.

planeforwhichK = 0.5 generallyrepresentsthe-
objectplane..
ofdataS(y)wasavailablefortheobjectplane
K= 1,thatis,theflow-boundaryplaneB1-B1nearest
Bymeansofthevaluesof S(y)for K= 0.5 and..

equations(51)and(52),thepredictdcurveS(Y)for K = 1 was
calculated,where,aspreviously,~~ termsPossessin$coefficien~. bv)v s2, henceCo, u 54, wereincltiedbecameonlYthe~luesof

dvS
derivatives— v ~ 2,weredetermined.ThustheappropriateexPres-
sicmsare dyv>

and

~hbA(Ay)i= ~b1x*2+ ~ 1 #4

withtherespecti~eremainders

(

&7 &b2b2~ &b3bRAS=-— 4A 4512 )10 13

(53)

(54)

(55)

(56)
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Themeximumabsolutevaluesoftheremainderswerefoundtobe

II‘AS < 10-1and.II‘A(Ay)<10-5~chm
TheresultingcurveS(y)for K = 1 predictedbythepresent

theoryisdepictedinfigure8forcomparisonwiththecurveobtained
fromexperhnentalmeasurements.Al’thou@thesgrementofthetwo
curvesisnotperfect,itisstillconsiderablyletterthanthatobtained
whenrefractionwasneglected,asisevidentfromfigure8. Apparently
thedisagreementbetweentheexperhentalresultandthatpredictedby
thepresenttheoryiscausedprincipallytythefactthattheerrorsof
thecalculatedvaluesofthecoefficientsbv wererelativelylargewhen
theapproximation(equation(37))ofeqmti.on(36)w usedalone.Thus,
becausethecoefficientsbv,V > 0,comprisethemajorfactorsofequa-
tions(51)smd(52),therelativeerrorsofthequantitiesASi and
A(AY1)werealsolarge.IiIthecaseoftheevaluationequation(39),
theeffectoferrorsofthecalculatedvaluesofthecoefficients~
appearsonlyincorrectiontermswhicharesmallrehtivetotheprimary
term.OflesserimportanceIsthefactthatthevaluesofthedertva-

t~~s e weredeterminedfroma curveS(y)whichpossessedresidual
dyv

distortiiu.Thus,themeasuredvaluesofthederivativeswouldhavebeen
inerrorwherevertheslopeoftheexperimentalcurveS(y) deviatedto
w @eatextentfr~ tieslopeofthedesireddistortion-freecurve.

*

*-

.

.

Itisconcludedthatthe@roved agreementofthepredictedcurve
S(y)for K= 1 (whenrefractionofthelightraysintheflowfield
isconsidezwd)withtheexperimentalcurveisfurtherevidenceofthe
valfdityoftheseriesanalysis,atleastforthepresen+~exemple.

GXNIEMLDISCU3310NANDCONCLUSIONS

Thepresentanalysisrepresentsanextensionandmodificationof
Wachtell’sanalysiswiththeinclusionofa procedureforanalyzing
oertaimtwo-dimensionalgaseousdensityfieldslymeemsofopticaL.
interference.

The’eqyationofthelightpathintheunknuwndensityfieldwas
developedaaa powerseries, the coefficientsofwhicharefunctionsof
thecoefficientsofaMaclaurinseriesrepresentationofrefractive
index.Anexactopticalpathdifferenceequationw derived,which, k
whenre-expressedintheformofanapproxhatlon,permittedthedeter-
minationoftheunknowndensitydistributionfromobservedinterference
fringeshifts.Afmm ofopticaldistortionresultingfromrefraction
ofthelightraysintheunknowndensityfieldwasconsidered.The
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distortionwasexpressedbysmexactequationanda power
powerserieswasutilizedtodetezmineanobjectplaneof

25

series.The
foousfor

whichthedistortionisminimizedandtocalculatetheresidualdistor-
tion.Differentiationoftheoptical-path-differenceequationpermitted
directcalculationofvaluesofthef’irstfewrefractiveindexseries
coefficients.

Inaddition,a procedureforapplyingthepresenttheorywasdis-
cussedandappliedtodeterminethedensitydistributionina boundsry
layerformedbysupersonicairflowalongaflatplate.Theresultant
distributionagreedreasonablywellwiththatgivenbytheoryandby
pressure-probemeasurements.Furtherconfirmationofthetheorywas
obtainedbypredictingrelativelysuccessfullytheinterferencepattern
producedforanobjectplsneotherthantheoptinuunplane.

Itis concludedthatthepresentsaalysiswillpermitincreased
accuraoyinthedeterminationofcertaintwo-dtinsionalgaseousdensity
distributionsbythemthodofopticalinterference.

LewisFlightFropulsfonLaboratory
NationalAdvisoryComnitteeforAeronautics

Cleveland,Ohio,January,3,1952
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APP3NDIXA

SYMBOLS

Thefol.lowingsymbolsareusedinthisreport:

‘1J+2A3>A4

%?-%?
B1-B1

BV

‘l}B2}B3jB4}B5

bv

c

c~

F

I-I

K

k

L-I!

OA-OA

m-m

OPD

P

pA

P(y)

R

pointsintersectedbylightraywhichtraversesflow
field

finalflowboundarytraversedbylightray

initialflowboundarytraversedbylightray

binomialcoefficients

pointstitersectedbylightraywhichcircumventsflow

refractiveindexcoefficient

velocityoflightinvacuum

lightpathcoefficient

focalpoint~fcameralens;function

imageplsme

fractionofwindtunnelspan

constant(0.1166ft3/slugforairwhen k= 546@

csmeralens

apparentobjectplane

realobjectplane

opticalpathdifference

imagepoint

apparentobjectpoint

polynomial

remainder

.

-—.

.

.—

—.

—

.
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light raysR@2.
s interference-fringeshift(wavelengt@oflight)

distancemeasuredalongpathoflightrays

t wind-tunnelwindowthickness;time

velocityoflightinmediumv

distancefromfinalboundaryofflowfieldtoreal
Gaussianobjectplsme

x

x(t) distancefranrealGaussianobjectplanetoapparent
Gaussianobjectplane

coordinates
●

displacementoflightrayinfindwind-tunnelwindow

denotesvalueforgivenlightrayatinitial flow-
boundarytraversedbyray

. denotesvalueforgivenlightrayatfinalflow-
boundarytraversedbyray

.
a anglemeasuredwithrespectto x coordinate

increment(Ay=distortion)A

coordinateparallelto y coordinate“

wavelengthoflight

integersV,cr

refractiveindexP

densityP

Subscripts:

atmosphere

integer,referstoa givenlightray

a
. i

.
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w wind-tunnelwindow

5 flowreferenceregion(freestresm)

V>ly integers

Superscripts:

* referstuvalueatfinalflow-boundarytraversedby
lightray

.
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APPENDIXB

LIGHTPATHINFLOWFIXLD

Thelightpathintheflowfieldisobtainedasthesolutionof
thevariationproblem

wherev . P(Y)● Equation(6)isoftheform

thesolutionofwhichisgivenbythe

where Vi=~. Thusthesolutionof. ax

.

Ner equation

constamt

equation

1+(a’‘(t)’
where p = pi at y = yi. Letthelightpath
hclaurinseries

wherethecoefficientsCa aregivenby

Itfollowsthat

(6)is

(6)

beexpressedbythe

(U)

(B3)

&J=Lac~x13-1dx
u=

(B4)
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Th-assumedrefractiveindexdistribution

-

~=
E

bV# (9)
v=0

expression(B4},andfinallyseries(11]aresubstitutedinthe.dif-
ferentialequation(7}toobtaintheexpression

Theri@t-handsideofequation(B5)maybereplacedbyitsbimmial
expansion.However,onlythefirsttwotermsofthethree-termexpan-
sionneedberetainedbecausethecoefficientb. representsthe
refractiveindexpi at q = O. Sincep isverynearlyunityovera
widerangeoftemperaturesandpressures,thethirdtermofthebinomial
eqymsionisnegligible.Therefore,equation(B5)becomes

(Lac~xu-)2=2‘B6’
where b.- 1. Whencoefficientsoflikepowersof x areequated,
thecoefficientscd maybeexpressedasfunctionsoftherefractive
indexcoefficientsbv. Thefirstfewcoefficientscd are

co = q, = C3= C5= . . ● = Cz.-l=o

c,=+bl

C4=~ blbz

C6=&b b2+&”b12
180 1 2 b3

1c8.— bb 3+ &b12’b2b3+&b13 b450401 2

. .

● ●

● ✎

—.

.

.

Cn
m
to
w

.

.

(12)

.

.
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Replacingthe
expressionsin
expressionfor

coefficientsCa inequation(n) bythe

31

corresponding

termsofcoefficients~ resultsinthefollowing
theraypath:

1bx2+&b1b#4+
( )
&b1b22+&b2b3 X6+7 21=-
180 40 1

( )~bb3+&b12b2b3+& b13b4 850401 2 x+ . . . (13]

.

.
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APPENDIXc

OPTICALPATHRELATION

Giventhefringeshiftexpression

thelasttwotermsmaybeexpressedbyconsiderationoffigure2 as

‘-’] = Q(co~%- 1,
(cl)

and

[
Va‘3B5= - Pa XX*- .,’-,+ ~p --) (C2]

respectively,where

X.IC%?$ (21)

Thefactors~ and a$ inequations(Cl)and(C2),respectively,
maybeexpressedintermsof a* byvirtureofSnelllslawofoptical
refraction;thatis,

and x(t)maybereplacedby

()Pa
x(t)=tl-—

%?

Thenequations(Cl)and(C2]become,respectively,

(16)

.

.

m
to
to
(u

.

.

(C4)

.
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and

- (~+%)(-J-@--*)‘c”Pa‘3B5= - 9*

Then,when(1-COS2a*)issubstitutedfor sinzCL*and cosG* is
replacedbyexpression(15),thatis,

equations. and(C5)mayberewrittenintheform

(C6)

and
.

– (m+;’)(-d*,) ‘C7)~ B3B5= - pa
.

respectively.
sndcollecting

substitutingequations(C6)and(C7)inequation(20)
termsyield

Theright-bendsideofexpression(22}consistsofa sequenceofterms
comprisingdifferencesofquantitiesofnearlyequalvalue.Thoseterms
whichareincludedasrootsmaybeexpandedbymeans@ thebinomial
theorem.Thus

.

; , , ,,-. ””. “-... ...” —.
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1wherethebinomialcoefficientsBv are Bo=l~Bl=~~

&&&, . . . Theseries((!8]convergebecause~2>&2
—

Moreover,becausefor v>1 thetermsofexpansions(C8)
ductsofi-differencesofqusmtitiesofnearlyequal.value,
mayberegardedasnegligible.Hence-e~ression(22)may

comprisepro-
suchterms
bereducedto

where~- 1 exceptwhendifferencesofquantitiesofnearlyequalvalue .

areconcerned.Furthermore,becausepi=M*
.

(Clo)

sothatapproximation(C9)mayberemittenas

Substitutingexpansion(9)in (23}andreplacingq by series(lL),
bothexpansionsbeingassumedconvergent,yieldthefollowingexpression
forapproximation(23):

@-Aj’v(=2~oo.+ ‘Cu)
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wherethethirdtermofthebinomislexpansionof K2“
Equation(Cll)mayberewrittenintheform

s~k= (v@#+~
{[i2+2’i~.=2~,m.,

~~@ - pim
EL

bVCm@
= U=2J ) )“””

wherethecoefficientscd are
Ca byequatingthecoefficients
expression

+

expressedintermsof
oflikepowersof x

.=2,&...C“VX”=(.=2,L....C”9’

35

isnegligible.

1bvcavxudx-

(C12)

thecoefficients
inthe

. Integratingeqmtion(C12)andsolvingfor pi- P~ restitin

(25)

wherethemultiplicativeconstsntpi inthelastsumofeqwtion(C12)
isregardedasunity.

.

,.. . .
,.-
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APPENDIXD

OFTICALDISTORTION

FromequAtion(27),that--is,

itfollowsbyvirtueofS.nel.l’slaw(equation(C3))andequation(15}
that

(Dl)

Also,

Then,becauseofequations(Dl),

(n

R.

.

(D3)

When x(t)isreplacedbyexpression(16)andequations(Dl)and(D3)
areutilized,eq~tion(27)becomes

.

.
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Nmm
CD

.

.

Assumingthat pi=~= pa=1,exceptwheredifferencesofquantities
ofnearlyequalvaluecomprisea completeterm,equation(28)reducesto

Ratherthanexpsmdthesquareroottermofapproximation(29)bythe
binomialexpsnsion,whichconvergesveryslowlybecausep~- pi,the

termmayberepl.acedby
()
q *,Were ~=1, whichfollowsfrom
m v-i

equation(7)sothat

Finally,becauseofseries(1.1)anditsderivative,series(B4),

m

(4di= E (Ku
u=2,4,6,...
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